Abstract-This paper concerns the superposition of twodimensional semi-analytical models to model three-dimensional shielding configurations. The 2-D semi-analytical models are used to describe the effect of magnetic shielding on the stray field of a single-sided coreless linear permanent magnet motor. The modeling results are compared to 3-D finite element analysis and to measurements, it is found that an accurate description of the tendencies and the order of magnitude is given. Furthermore, the comparison of the superposition of 2-D semi-analytical models with the measurements shows that saturation and neglecting the 3-D effects cause the deviation between model and measurement.
I. INTRODUCTION
The three dimensional (3-D) nature of the magnetic fields leads to computationally very intensive 3-D modeling especially when shielding is applied for the reduction of magnetic stray fields. The possibility to describe the magnetic fields for 3-D shielding configurations by two-dimensional modeling resolves the computational issue. In most electromagnetic devices, this approach is applied as the magnetic fields used in the desired energy conversion mainly vary in two of the three dimensions. This implies the application of two-dimensional (2-D) models for describing the full three-dimensional (3-D) device. With these 2-D models, the resulting magnetic field quantities in two dimensions are obtained by assuming an infinite length in the third dimension. This results in an invariancy in the third dimension of both geometry and field while quantities such as force and flux linkage are obtained for a unit length in this third dimension.
In rotating machines, the validity of 2-D models for 3-D devices is widely covered in literature [1] [2] [3] [4] . To mimic the effects ignored by assuming a 2-D model, improvements of the 2-D models are commonly applied, such as, inclusion of endwinding induction in the electrical drive circuit and reduction of the effective stack-length to include the stacking factor. Beside these improvements, based on the motor dimensions, several rules of thumb have been developed to take some 3-D effects into account in the 2-D model [1, 4] .
In linear machines, it is also common to use 2-D models to describe the device. For linear machines with a long stroke, it is even usual to assume periodicity in the 2-D model, since the device is repeating in one of the modeled dimensions. A 2-D periodic model makes two assumptions that significantly influence their outcome. First of all, it neglects all end-effects in the direction of its periodicity [5] . Secondly, the effects in the third, non-modeled, direction are not taken into account. For some situations, these effects can be compensated in the model by means of an adaption of the material parameters, like the transverse edge effects in linear induction motors [6] .
In single-sided linear machines with an ironless core, a large magnetic stray field is present. To reduce the influence of such a linear machine on nearby located magnetic sensitive devices, shielding is applied [7] . Ideally, this magnetic stray field is eliminated by using a solid shield with infinite dimensions, however, due to weight limitations and cable entries, the shield will be finite in its dimensions and could contain holes. Especially during the design of such a shield, it is important to calculate many topologies and dimensions. Therefore, during design a fast 2-D model capable of correctly predicting the influences of the shielding is necessary, since such a model greatly reduces the computational efforts. This paper investigates the validity of a superposition of two-dimensional semi-analytical models, based on Fourier modeling, for three-dimensional shielding configurations. A single-sided coreless linear permanent magnet motor with shielding is considered, which is modeled using both the 2-D semi-analytical model described in this paper and using 3-D finite element analysis. The results of the models are compared for a variation in the y-dimensions (the non-modeled dimension in the semi-analytical models) of individual elements in the topology. Measurements are performed for the same topology to verify the forces obtained by the models.
II. TOPOLOGY
The topology researched in this paper is based on the Tecnotion UXX ironless series motor [8] . One single stator side together with one star-connected coil triplet is considered. Above the coil triplet, the shielding plate is located. Above the shielding plate a voice coil actuator is located to enable a movement in the vertical direction (the z-direction). Only the permanent magnet mover of the voice coil actuator is being modeled, since only the disturbance force on this permanent magnet (further on called victim magnet) is influenced by the shielding. In the shielding plate a rectangular shaped hole is present to reduce the reluctance forces between the victim magnet and the shield. Furthermore, the shield is centered underneath the victim magnet, which results in a reluctance force purely in the z-direction. A 3-D drawing of the full Table I.   TABLE I topology is given in Fig. 1 . For this topology, three variations are considered in this paper, the y-dimension of the magnet Y mag , the y-dimension of the hole Y hole and the y-dimension of the shield Y shield . These dimensions are indicated in Fig. 1 , where also the total y-dimension of the topology Y tot is given.
From the 3-D topology, a cross-section parallel to the xz-plane is made in the center of the victim magnet which is used to create the semi-analytical model. For the semianalytical modeling method used, it is necessary to introduce an even periodicity. The width of the period is chosen at x p = 228 [mm], which is twice the width of the coil triplet and ensures a minimal influence of the adjacent periods. The dimensions and material properties of the topology are given in Table I . The assumed origin is located at the bottom left corner of the back-iron. All permanent magnets used have a remanence of B r = 1.23 [T] and the magnets in the magnet array are displaced by 28. 5 [mm] in the x-direction, while the position given in the table holds for the first magnet. The coil triplet is excited with a DC current of 5 ·10 6 A/m 2 , while the bundles are geometrical displaced by 38 [mm].
III. 2-D SEMI-ANALYTICAL MODEL
A semi-analytical modeling method based on Fourier analysis [9] is applied to the cross-sectional view of the 3-D topology of Fig. 1 . Using a spatial harmonic description, the magnetic flux density in the topology is described. The fundamental frequency, ω 0 , of the harmonic description is determined by the width of the periodicity and is given by ω 0 = 2π xp , where x p = 228 [mm] represents the width of the assumed periodicity. The choice of this fundamental frequency immediately takes the even periodic boundary conditions into account. For the modeling, the topology has to be divided into regions where each region can only contain one material (see Fig. 2 ). Only materials with a linear permeability can be taken into account which implicitly results in the assumption that the materials do not saturate. , where ω * 0 is the fundamental frequency for a region smaller than the periodicity, and where x * w is the width of that region. Using the mode-matching method, the shield is taken into account in the model. Since only one permeability can be used per region, a total of 4 regions is used to model the shield. One region for the left part of the shield (region VII) and one for the right part of the shield (region IX), and the air in between the shield (region VIII) and next to the shield (region X) is taken into account by one region each. By applying the mode-matching method, a physically non-existing boundary condition has to be placed on the edges in the x-direction of the shield. Assuming an infinitesimally small piece of infinite permeable material between the shield and the air next to it, the z-component of the magnetic flux density is assumed to be zero on these edges. Due to the large difference in permeability of the shield and the air, the errors introduced by the assumed infinite permeable pieces is very limited [11] .
Since no unit permeability is present inside the permanent magnets, each permanent magnet should in principle be taken into account in the model as one region, while using a region for the air in between the magnets as well. If the magnets are modeled in such way, the mode-matching method is applied, which will, therefore, result in assuming the physically nonexisting boundary conditions on the edges of the permanent magnets. The assumed boundary conditions will greatly influence the magnetic field, since it forces the magnetic field on the edges of the permanent magnets in the x-direction which is perpendicular to the magnetization. Therefore, the permanent magnet array will be modeled as one region, assuming that the full width of the period contains the permanent magnet material, which also reduces the computational efforts in the model. The actual magnets are now modeled using a block shaped magnetization function for which a harmonic description is obtained. The coil triplet is described in an equal matter, the coil (carrying a current density of J = 5 ·10 6 cos (kπ/3) A/m 2 for k = 0, 1, 2) is modeled as a block shaped current density function, while an unit permeability is assumed as material. The resulting subdivision in regions is given in Fig. 2 .
In each region, the general description based on a summation of N harmonics (the fundamental and its higher order harmonics) gives the magnetic flux density according to the equations given in [11] . The application of this general description in the regions results in a boundary value problem, which is solved by applying boundary conditions on the interfaces between the regions. With the boundary conditions, a solvable set of linear equations is obtained, and therewith, the magnetic flux density in all regions is known. Using the Maxwell stress tensor, the force on the victim magnet is calculated according to the explanations in [12] . The obtained force is given as a per unit length in the non-modeled direction. This value is multiplied with the y-dimension of the model to calculate the actual force for the situation.
IV. SUPERPOSITION OF 2-D MODELS
The 2-D semi-analytical model described in the previous section is capable of calculating the force for a topology that is invariant in the non-modeled y-dimension. As can be seen in Fig. 1 , the topology considered in this paper is not invariant in the y-direction. In the topology of Each of the now obtained 2-D models is now invariant in the y-direction. By a summation of the results of the individual 2-D models, the result of the considered 3-D topology is found. For instance, the force on the victim magnet for this situation is calculated by
where Y A , Y B and Y C are the y-dimensions of the invariant models A, B and C, respectively and where F hole , F shield and F no shield are the forces per unit y-dimension for the situations with, shield containing a hole, full shield (no hole) and without a shield, respectively. For Since the semi-analytical model is a 2-D model, it is not possible to individually adapt the y-dimension of the victim magnet. Therefore, the y-dimension of the total semi-analytical model is adapted. A 2-D semi-analytical model, where a shield with the hole is located underneath the victim magnet, with the y-dimension of the 2-D model is equivalent to the y-dimension of the victim magnet, Y mag is used (this model is illustrated in Fig. 4c ). In principle, the results of a second 2-D model, a model without a victim magnet, is superimposed, however, the force obtained with that model are obviously zero. The total force calculated by the semi-analytical models is now calculated by
where Y tot = 70 [mm] is the y-dimension of the total setup (i.e. equal to the y-dimension of the magnet array). To illustrate the difference between the 2-D semi-analytical model and the 3-D FEA model used, an illustration of the used models is given for Y mag = 10 [mm] in Fig. 5a and 5b, respectively. The obtained forces from the FEA and ANA model are given in Fig. 5c .
The results in Fig. 5c show that, especially in the zdirection, the forces are predicted reasonably accurate. For Y mag = 70 [mm], the difference found is less than 6 [%]. For a smaller y-dimension of the magnet more deviation is found, due to the fact that the magnetic field of the victim magnet also couples to the parts of the shield that are not directly underneath. On this 3-D effect is elaborated in Section VII. Furthermore, the forces in the x-direction are not accurate, this is due to the mode-matching method applied. The nonphysical boundaries assumed in the mode-matching algorithm cause a deviation in the magnetic flux density calculated by the semi-analytical model [7] , this is especially visible in the For the semi-analytical model, a simple scaling of the calculated force with the y-dimension of the shield is not sufficient. By reducing Y shield , more of the magnet plate underneath is revealed to the victim magnet. Therefore, the expected force obtained with the semi-analytical model is a superposition of two separate semi-analytical models. One model with a shield and the y-dimension of the model equal to the shield dimension (this model is illustrated in Fig. 4c ). The second model is a model without a shield, as illustrated in Fig. 4a , with a y-dimension equal to the remaining part of the victim magnet which is not covered by the shield. The total force on the victim magnet is then obtained by (6) where Y shield is the y-dimensions of the shield, Y no shield = Y mag − Y shield is the y-dimension of the victim magnet which is not covered by the shield, and where F hole and F no shield are the forces obtained from the semi-analytical model when the shield with the hole is present and when no shield is present, given in Fig. 4c and 4a, respectively. For the situation with Y shield = 20 [mm], an illustration of the superposition of these two semi-analytical models is given in Fig. 6a , while the obtained forces from the FEA and ANA model are given in Fig. 6c .
From the results shown in Fig. 6c , it is clear that the tendencies in the force variations are accurately predicted by the superposition of the 2-D semi-analytical models. As can be seen Since the tendencies and the order of magnitude predicted by the semi-analytical models are correct, the superposition of the 2-D semi-analytical models scaled according to (6) for a variation of the y-dimension of the shield holds.
C. Variation of the hole size, Y hole , in 3-D FEA
The final validation is performed on a variation of the ydimension of the hole in the shield. A victim magnet and a shield, both with the full y-dimension of the model, are present, For this variation, a superposition of two semi-analytical models is necessary as well. When the y-dimension of the hole in the shield is reduced, more of the victim magnet is covered by a full shield of 1 piece. Therefore, the two models used are, a model with the shield containing the hole / slit (illustrated in Fig. 4c ), and a model with a full shield (containing no hole as illustrated in Fig. 4b) . By superimposing the results of these two semi-analytical models, scaled by the y-dimension of the hole, the force of the analytical model is given by
where Y hole and Y mag = 70 [mm] are the y-dimensions of the hole and the victim magnet, respectively, and where F hole and F shield are the forces obtained from the semi-analytical difference. This leads to the conclusion that the deviation between the semi-analytical and the FEA models for the intermediate values of Y hole is caused by 3-D effects. The magnetic field from the part of the victim magnet that is located above the hole is drawn into the closing parts of the shield. This is not incorporated in the 2-D models since these assume that magnetic flux density in the y-direction will be zero throughout the full model. This effect is elaborated upon in Section VII.
Based on the results shown in Fig. 7c , it is clear that superimposing the results of the 2-D semi-analytical models scaled according to their dimensions (as given in (7)) gives a good prediction of the actual forces for the variation of the hole size Y hole .
VI. COMPARISON OF SUPERIMPOSED 2-D MODELS WITH MEASURED 3-D SITUATIONS
The findings of the validation of the superposition are strengthened by measurements performed on a measurement setup. For this measurement setup, multiple shields are manufactured, such that the variation on only one of the y- dimensions (either Y shield or Y hole ) at a time is possible. To increase the measurement accuracy, the victim magnet will be moved in the x-direction over the full period, instead of only measuring one individual point. The used measurement setup is shown in Fig. 8 , where the victim magnet is mounted to a positioning device by a 6-DOF JR3 load cell [14] . This allows for an accurate positioning of the victim magnet and the measurement of the forces experienced by this victim magnet.
On a non-magnetic mounting plate, the magnet array (i.e. half of the stator of a Tecnotion UXX ironless series motor [8] ) is mounted. Above the stator a triplet of coils (from the same series) is located. The star-connected coil triplet is excited by a DC current such that the current density in the first coil is J = 5 A/m 2 . The magnetic shield is placed on a nonmagnetic table, with the center of the shield (i.e. the center of the hole) located at x = 105 [mm] as used in the semianalytical 2-D models and the numerical 3-D models.
A. Variation of the shield size, Y shield , in measurements
The results for a variation of the shield size of the semianalytical model and the measurements for the movement of the victim magnet over the full periodicity is shown in Fig. 9 feature, which can be either saturation or a 3-D effect (i.e. endeffects). Since the comparison with 3-D FEA for a variation of the shield size only showed a deviation of approximately 6 [%] (see Fig. 6c ), therefore, it is likely that the differences between the 2-D models and the measurements are mainly caused by saturation, which is covered in Section VII. Fig. 9 , it is found that the assumed superposition of a 2-D model without a shield and a 2-D model with a shield containing a hole, scaled by their respective y-dimension (6) is valid for this variation.
Based on

B. Variation of the hole size, Y hole , in measurements
For the variation of the y-dimension of the hole, the results of the semi-analytical model and the measurements are given in Fig. 10 The tendency of reducing the attraction force when the victim magnet is centered above the hole for an increasing hole size is captured well by the 2-D modeling. It is found that superimposing the 2-D models for analysis of a 3-D situation gives a reasonable indication of the forces present. However, for the variation of Y hole , both saturation and the 3-D effects are not negligible as will be discussed in the next section.
VII. DISCUSSION
With the superposition of 2-D models, the geometrical differences in the y-direction are included, however, the fact that the magnetic field will have a three-dimensional nature, and therefore, has a magnetic field in the y-direction is still neglected with this approach.
As was indicated in the previous sections, the 3-D effects in the measurements and the 3-D FEA models might cause the differences with the 2-D models. One of the well known 3-D effects is the end-effect. The end-effect for a very simple geometry, a (victim) magnet and a (full) shield, with comparable dimensions and distance, is illustrated in Fig. 11a . In the figure, the geometry is observed in a cross-section in the yz-plane in the center of the magnet, and therefore, shows In Fig. 11b , the 3-D effects are illustrated for the situations where the y-dimension of the shield is varied, Y shield . As can be seen, this situation shows besides the 3-D end-effects (Fig. 11a) To make the 3-D effects in this topology even more visible, the magnetic flux density in a xy-plane inside the shield is given in Fig. 12 for the superposition of the 2-D semianalytical model (see Fig. 12a ) and the 3-D FEA model (see Fig. 12b Besides the 3-D effects, saturation might be of influence in the measurements as well. For the 3-D finite element models, a linear material is assumed as is done in the analytical models. However, during the measurements, the material used (S235) is non-linear. Based on the superposition of the 2-D analytical model models, the expected magnetic flux density is given in Fig. 12a . The figure clearly shows that a large part of the magnetic shielding material is approaching or above 1.5 [T] . This indicates that those parts of the shield are (close to) saturated. (The peak value of the magnetic flux density found inside the shield is equal to 3.6 [T] .) The amount and location of saturation are strongly dependent on the position of the victim magnet.
The amount of saturation in the geometry can be lowered by increasing the distance between the individual modeling parts. However, increasing the distance in the topology will increase the 3-D effects since the magnetic field is more 2-D for a topology where only small distances are present. For the accuracy of modeling of a 3-D geometry with a 2-D modeling method with linear materials, the distances between the individual parts is a trade-off.
During the initial design process of a magnetic shield, a fast prediction of the influence of this magnetic shield is necessary. The computational time necessary for the 3-D FEA models used is more than 1 hour for a single point of calculation (one position of the victim magnet, x mc , one victim magnet dimension, Y mag , one shield dimension, Y shield and one hole dimension, Y hole ). For the 2-D semi-analytical model, the same single point of calculation is finished in less than 5 seconds. Therefore, from computational point of view, the superposition of the 2-D semi-analytical models is very valuable.
VIII. CONCLUSION
To predict the influence of the application of magnetic shielding, this paper employed the superposition of multiple 2-D models to describe the 3-D shielding configuration. By subdividing the 3-D structure into invariant parts in the ydimension, multiple 2-D semi-analytical models have been obtained. The forces per unit depth calculated with these 2-D models are multiplied by the depth of the associated invariant part and summed to obtain the value for the 3-D model. From the comparison of the results of the 2-D semi-analytical models with 3-D FEA models is concluded that the semianalytical models give a good prediction of both the global tendencies and the order of magnitude of the forces involved. For the situations where all y-dimensions of the 3-D FEA model are equal the difference between the obtained forces are below 6 [%]. Based on the measurements, the 2-D semianalytical models show more deviation than expected based on the 3-D FEA models, which is explained by the saturation of the shielding material. However, for all measurements, the 2-D models predicted the right tendencies and, therefore, an accurate initial prediction of the shielding effect is found with the 2-D models. Especially from computational point of view, the superposition of semi-analytical 2-D models is very valuable during 3-D shielding design, even though the actual situation is three-dimensional.
